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J\"org Brendle [3] MAD
(forcing indestructibility)
10 $\mathrm{H}\mathrm{r}\mathrm{u}\check{\mathrm{s}}\mathrm{f}\mathrm{f}\mathrm{i}$ Sacks,









Deflnition 11 $\bullet$ $2^{<\omega}$ 0, 1
$\bullet$ 2‘ 0, 1 Cantor space $\mathbb{R}$
Deflnition 12 $\bullet$ $A\subseteq P(\omega)$ mlmost disjoint(AD)
$(\forall A, B\in A)A\cap B$
$\bullet$ $AD$ $A$ maximal(MAD) $X\in \mathcal{P}(\omega)$
$(\exists A\in A)X\cap A$
Sacks “$G_{\delta}$ ”
Definition 13($G\delta$ ) $A\subseteq 2^{<\omega}$ $A$ $G_{\delta}$
$G_{A}=\{f\in 2^{\omega} : (\exists^{\infty}n\in\omega)f|_{n}\in A\}$
1304 2003 29-46
29
$G_{A}$ $G_{\delta}$ $G_{\delta}$ Sacks fusion lgument
limit
Lemma 1.4 $A$ MAD $f$ : $2^{<\omega}arrow\omega$ one-tO-One $F=$
$\{G_{f^{-1’\prime}D} : D\in A\}$ $\mathbb{R}$ disjoint
proof $F$ $g$ $g \in\omega^{\omega}\backslash (\bigcup_{D\in A}G_{f^{-1}’ D},)$
$B=\{f(g|_{n}) : n\in\omega\}$ $D\in A$ mlmost disjoint
maximality
Disjointness mlmost disjointness $(\forall D_{0}, D_{1}\in A)D_{0}\cap D_{1}$
$G_{f^{-1}’ D_{0}},\cap G_{f^{-1}’ D_{1}},=\emptyset$ .
Deflnition 15MAD $A$ $\mathrm{P}$ $A$ $\mathrm{P}- gene\mathit{7}\dot{\mathrm{V}}\mathrm{C}$ e#ension
maximal
$\mathrm{c}$ MAD
Deflnition 16 $a= \min${ $|A|$ : $A$ MAD }
$\aleph_{1}\leq a\leq \mathrm{c}$
$I$




Deflnition 21Sacks $\mathrm{S}$ $2^{<\omega}$ perfect toee






Borel ( $G_{\delta}$ )
“perfect $\ovalbox{\tt\small REJECT}\backslash$ ( Sacks )
Definition 23cntble
Sacks BOre1(2$\circ$ )/cntb’e dense subset
Fact 2.4 $\mathrm{c}\mathrm{o}\mathrm{v}(cntble)=\mathrm{c}$
Theorem 25 $r_{gen}$ $\mathrm{S}$-genetic $\text{ }B$ ground model Borel
$\bullet$ $B\in cntble$ ( l\vdash ‘gen\not\in B
$B\not\in cntble$ ( $B\mathrm{I}\vdash$ “$r_{gen}\in B$”).
$\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{n}\infty \mathrm{u}\mathrm{s}$
Deflnition26 $I$ $P(2^{\omega})$
$I$ homogeneous $I$ -positive Botel $B$
function $f$ : $\mathbb{R}arrow B$
$(\forall X\subseteq B)X\in Iarrow f^{-1}$ ” $X\in I$
cntble homogeneous Zapletal [7]
22$
Theorem 27 MAD $A$
0) $A$ s-
(2) $\forall A\subseteq 2^{<\omega}$ such that $G_{A}\not\in cntble,$ $\forall f$ : $Aarrow\omega,$ $\exists B\in A$ sttch that $G_{f^{-1}’ B},\not\in cntble$ .
(3) $\forall A\subseteq 2^{<\omega}$ such that $G_{A}\not\in cntble,$ $\forall f$ : $Aarrow\omega$ one-tO-One, $\exists B\in A$ such that $G_{f^{-1}’ B},\not\in$
cntble .
(4) $\forall f$ : $2^{<\omega}arrow\omega$ one-tO-One, $\exists B\in A$ such that $G_{f^{-1’\prime}B}\not\in cntble$ .
proof (1) (3) , (3) $A\subseteq 2^{<\omega}$
$G_{A}\not\in cntble$ $\exists g$ : $Aarrow\omega$ $\forall B\in A$ ,
$G_{g^{-1}’ B},\in cntble$
$G_{A}\in \mathrm{S}$ $\mathrm{G}$ $G_{A}\in \mathrm{G}$





$B\in A$ $\mathrm{V}[\mathrm{G}]\models$ “$r_{gen}\not\in G_{g^{-1}’ B},$”.
$B\in A$ $\mathrm{V}[\mathrm{G}]\models$ “$r_{gen}\not\in G_{g^{-1}’ B},$” $B\in A$
$g^{-1}(n)\subseteq r_{gen}$ $n\in B$
generic extension $D\in P(\omega)$
$D=\{m\in\omega : (\exists n)m=g(r_{gen}|_{n})\}$
$D$ ($g$ one-tO-One) $D$ $B\in A$ mlmost disjoint
( $B\in A$ $r_{gen}\not\in G_{g^{-1\prime}B}$, $|g^{-1}$ ” $B\cap g^{-1}(D)|<\aleph_{0}$ ) .
(2) (3) (3) (4)
(4) (3) cntble homogeneous j $\text{ }$
(3) (1) fusion argument (3) $T\subseteq 2^{<\omega}$ S-name
$\ovalbox{\tt\small REJECT}$
$[T]1\vdash$ “$\dot{C}\in[\omega]^{\omega}$ ”




$[T]1\vdash$ “$\dot{C}\in[\omega]^{\omega}$” fusion argument $\dot{c}$ $\langle$ fusion
sequence
$T=T_{0}\geq_{0}T_{1}\geq_{1}T_{2}\geq_{2}\cdots$





( $m_{0}^{n}<m_{1}^{n}<\cdots<m_{2^{n}-1}^{n}$) $(T_{n-1})_{\sigma^{n}}\dot{.}$ $\dot{C}$ $n$
$A= \bigcup_{n\in\omega}\{\sigma_{i}^{n} : i<2^{n}\}$ function $f$ : $Aarrow\omega$
$f(\sigma_{*}^{n}$. $)=m_{i}^{n}$
. $G_{A}= \bigcap_{n\in\omega}[T_{n}]$(fusion limit $\#\mathrm{h}GA\in \mathrm{S}$ ),
$\bullet(G_{A})_{\sigma}\mathrm{I}\vdash$
“$f(\sigma)\in\dot{C}$”
(3) $B\in A$ $G_{f^{-1}’ B},\not\in cntble$ ( $G_{f^{-1}’},B\leq G_{A}\leq$
[T] $)$ $G_{f^{-1’}’ B}$
$G_{f^{-1}’ B}$, IS “ $|B\cap\dot{C}|=\aleph_{0}$” $\cdots(*)$
32
proof of $(’)$ $k\in\omega$ perfect tree $T’$ $[T’]\ovalbox{\tt\small REJECT} G_{\ovalbox{\tt\small REJECT}^{1}B},$. $\ovalbox{\tt\small REJECT}$
$l>k$ subtree $T^{\ovalbox{\tt\small REJECT}}$ $[T^{\ovalbox{\tt\small REJECT}}]\ovalbox{\tt\small REJECT}[T’]$ $[T^{\ovalbox{\tt\small REJECT}}]\ovalbox{\tt\small REJECT}$ “$l\in B$ $\ovalbox{\tt\small REJECT}$
$[T^{\ovalbox{\tt\small REJECT}}]\ovalbox{\tt\small REJECT}[T’]$ $[T^{\ovalbox{\tt\small REJECT}}]\ovalbox{\tt\small REJECT} G_{f^{-1}’ B}$. $f$ one-tO-One $l\ovalbox{\tt\small REJECT} k$ $l\mathrm{C}B$
$\sigma \mathrm{C}f^{-1\ovalbox{\tt\small REJECT}}B\cap T$
”
$f(\sigma)\ovalbox{\tt\small REJECT} l$
Corollary 28 $a<\mathrm{c}$ $\mathrm{a}^{*}a$ MAD $A$ S-
proof function $f$ $A$ $\check{\mathrm{a}}$ $a$ MAD lemma
$F=\{G_{f^{-1}’ D}, : D\in A\}$ $\mathbb{R}$ disjoint $\{Gf^{-1}" D:D\in A\}$
$\mathrm{c}$ $B\in A$ $G_{f^{-1}’ B},\not\in cntble$
23 $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\mathrm{c}$ $ MAD
\mbox{\boldmath $\varphi$} MAD
Theorem 2.9 $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\mathrm{c}$ $\mathrm{S}$- MAD
proof $a<\mathrm{c}$ $\mathrm{a}$’ $a$ MAD \mbox{\boldmath $\varphi$}
$a=\mathrm{c}$ one-tO-One function $2^{<\omega}arrow\omega$ { $f_{\alpha}$ : $2^{<\omega}arrow\omega$ one-
tO-One; $\alpha<\mathrm{c}$ } $\dot{\mathrm{a}}$ $\mathrm{c}$ S–indestructibile MAD
$A=\{A_{\alpha} : \alpha<\mathrm{c}\}$ $\alpha<\mathrm{c}$
$\bullet$ A $A_{\beta}$ ( $\beta<\alpha$ ) mlmost disjoint
$\beta<\alpha$
$G_{f_{\overline{\alpha}}^{1}’ A_{\beta}}$, $G_{f_{\overline{\alpha}}^{1}’ A_{\alpha}}$,
step $\alpha<\mathrm{c}$
$(\exists\beta<\alpha)G_{f\alpha}$-l,,A\nearrow A $A_{\beta}$ ( $\beta<\alpha$) mlmost dis-







$| \bigcup_{\beta<\alpha}G_{f^{1}\overline{\alpha}A_{\beta}},,|<\mathrm{c}$ perfect tree $T$
. . . (*)
$(\forall\beta<\alpha)G_{f_{\overline{\alpha}}^{1}’ A_{\beta}},\cap[T]=\emptyset$
33
G,- $\beta$ $\ovalbox{\tt\small REJECT} A,$ $\cap\ovalbox{\tt\small REJECT}$ ]
( $T$ anti-chain )
lemma
Lemma 210 $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\mathrm{t}$ $\alpha<\mathrm{c}$ $\{A_{\beta} : \beta<\alpha\}$
$(\forall\beta<\alpha)G_{f^{-1}\alpha A_{\beta}},,\in cntble$ $AD$ $A\subseteq\omega$
$\bullet$ $A$ $\beta<\alpha$ $A_{\beta}$ almost disjoint. $G_{g_{\alpha}^{-1}’ A},\not\in cntble$
$A_{\alpha}=A$
proof of lemma2.10 $(\forall\beta<\alpha)G_{f_{\overline{\alpha}}^{1}’ A_{\beta}},\in cntble$ $T\subseteq 2^{<\omega}$ $\beta<\alpha$
$[T]\cap G_{f\overline{\alpha}^{1}},,A\rho=\emptyset$ $B\subseteq T$ $|g_{\alpha}^{-1}$
” $A\beta\cap B|<\omega$
$A=f_{\alpha}$” $B$
$\{g_{\alpha}^{-1}" A\beta\cap T : \beta<\alpha\}$ $T$ off-branch
$\beta<\alpha$ nodes $T\backslash g_{\alpha}^{-1}$ ” $A\beta$ $T$ open dense
open dense $T$ branch $g_{\overline{\alpha}}^{1}$” $A\beta$
$D\beta$ open dense
$\mathrm{V}$ elementary submodel ZFC $\mathrm{M}$ $\{A\beta : \beta<\alpha\}\subseteq \mathrm{M}$ $\mathrm{V}$
$|\mathrm{M}|=|\alpha|<\mathrm{c}$
Claim 211 $\mathrm{M}$ Cohen $c\in \mathbb{R}\cap \mathrm{V}$
proofofclaim211 $\mathrm{V}\models$ “ $|\mathrm{M}|=|\alpha|<\mathrm{c}$” $\mathrm{V}$ Borel code $\mathrm{M}$
meager $|\alpha|$ $\mathrm{V}\models$ “$\alpha<\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\mathrm{t}$”




$\bullet$ $S\in \mathrm{P}$ iff $S\subseteq T$ $T$ subtree top nodes ( $(\exists n)$
$t\in S$ maximal node $|t|=n$ $n$ $S$ height ),
$S_{0}\leq S_{1}$ iff $S_{0}\supseteq S_{1}$ $S_{0}$ $S_{1}$ end-extension ( $S_{0}\cap 2^{<m}=S_{1}$ $m$
$S_{1}$ height )
$G$ $\mathrm{P}$-generic fflter $\mathrm{M}[G]$ $\mathrm{P}$
Cohen claim 211 $G\in \mathrm{V}$ $\mathrm{M}[G]\subseteq \mathrm{V}$
Claim 212 1. $s^{G}=\cup\{S\in \mathrm{P}:S\in G\}$ $T$ perfect subtoee
34
2. $r\in \mathbb{R}$ $r\in \mathrm{M}[G]\cap[S^{G}]$ $r$ $\mathrm{M}$ Cohen
proof of claim 212
1. density argument $S\in \mathrm{P}$ node $t\in S$
$S’\leq S$ $S’$ $t$ splitting node
2. genericity $f\in[S^{G}]$ $\mathbb{C}$-generic fflter $G_{f}$ $Gf=\{p\in \mathbb{C}$ |
$p\subseteq f\}$
Claim 213 $S^{G}\cap g_{\alpha}^{-1}$ ” $A\beta$ $\beta<\alpha$
proof of claim 213 claim density argument $S\in \mathrm{P}$ $m$
height $\beta<\alpha$ $S_{0}\leq S$ maximal node $\tau\in S_{0}$
, $\sigma\supseteq\tau$ $\sigma\not\in g_{\overline{\alpha}}^{1}$ ” $A\beta$ tree
$\ovalbox{\tt\small REJECT}|\vdash$
“ $|S^{G}\cap g_{\overline{\alpha}}^{1}$” $A\beta|<\omega$
$D\beta$ $T$ open dense $S$ top-node $\sigma$ $\tau_{\sigma}\in D\beta$
$\sigma\subseteq\tau_{\sigma}$ D open $\tau_{\sigma}$ $g_{\alpha}^{-1}$ ” $A\beta$
nodes
$S_{0}=\cup\{T_{\tau_{\sigma}} : \sigma \mathrm{t}\mathrm{h}S\text{ }\mathrm{t}\mathrm{o}\mathrm{p}- \mathrm{n}\mathrm{o}\mathrm{d}\mathrm{e}\}\cap 2^{\leq n}$













cntble Fubini power cntble 2
$\mathbb{R}^{2}$
Definition 31(finite Fubini power of ideal) $I\subseteq P(2$“ $)$ $I^{2}$
$(2^{\omega})^{2}$ the Fbbini power of $I$
$X\in(I^{2})^{+}\Leftrightarrow\{x\in 2^{\omega} : X_{x}\in I^{+}\}\in I^{+}$
35
$\ovalbox{\tt\small REJECT}\chi_{x}\ovalbox{\tt\small REJECT}\{y\ovalbox{\tt\small REJECT}(x, y)\mathrm{C}X\}$ $X$ $x$ $I^{+}\ovalbox{\tt\small REJECT}\{x$
$x\not\in I\}$ $I$ -positive sets
Lebesgue h $\mathrm{i}\mathrm{n}\mathrm{i}$ Fubini power
$\mu(E)=\int_{X}\mu_{2}(E_{x})d\mu_{1}(x)$
exainple 32 $\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}1(\mathbb{R}^{2})/cntble2$ Botel $X\subseteq \mathbb{R}^{2}$
$X\in \mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}1(\mathbb{R}^{2})/cntble2\Leftrightarrow$ { $x\in 2^{\omega}$ : $X$ $x$ }
Sacks 2 $\mathrm{S}*\dot{\mathrm{S}}$ | $\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}1(\mathbb{R}^{2})/cntble2$
$p’=\langle p,\dot{p}\rangle\in \mathrm{S}*\dot{\mathrm{S}}$ $p’$
$\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}1(\mathbb{R}^{2})/cntble2$ $P$
$\bullet$ $p\in \mathrm{S}$ { $x\in \mathbb{R}$ :Px\not\in cntble}R
$\bullet$ $x$ $generic $\dot{p}[x]$ $P_{x}$ ( $P$ $x$ )
Fact 3.3 1. $\mathrm{c}\mathrm{o}\mathrm{v}(cntble)2=\mathrm{c}\mathrm{o}\mathrm{v}(cntble)=\mathrm{c}$ ,
2. $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M}^{2})=\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})$ .
single step $n$
Theorem 34 $\vec{r}_{gen}$ $\mathrm{S}_{n}- gene\dot{n}c$ $B$ ground model Borel
set in $(2^{\omega})^{n}$
$\bullet$ $B\in cntble$ $n$ ( $|\vdash$ “$\vec{r}_{gen}\not\in\dot{B}$”)
$B\not\in cntblen$ ( $B1\vdash$ “$\vec{r}_{gen}\in B$”)
32 $\mathbb{R}^{2}$ fusion sequence
$\mathrm{B}o\mathrm{r}\mathrm{e}1(\mathbb{R}^{2})/cntble2$ name $\mathrm{S}*\dot{\mathrm{S}}$ }
Sacks fusion sequence
$\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}1(\mathbb{R}^{2})/cntbl\mathrm{e}2$ fusion sequence
$p’=(p,\dot{p}\rangle$ $\in \mathrm{S}*\dot{\mathrm{S}}$ $p’$ $\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}1(\mathbb{R}^{2})/cntble2$ $P$
fusion argrunent $\mathrm{s}*\dot{\mathrm{s}}$ $\sigma,$ $\tau\in 2^{<\omega}$ $p’$ node
36






$x$ $y$ perfect perfect troe $p,$ $q\in \mathrm{S}$
$p\leq_{n}q$ $p’,$ $q’\in \mathrm{S}*\dot{\mathrm{S}}$ $p’\leq_{F,n}$ q’( $F=\{0,1\}$ )
\mbox{\boldmath $\varphi$} $\mathrm{S}*\dot{\mathrm{S}}$ fusion sequence
$A\subseteq 2^{<\omega}\cross 2^{<\omega}$ $G_{\delta}$ $G_{A}$ fusion limit
2 $G_{\delta}$
Definition 36($G_{\delta}$ in $\mathbb{R}^{2}$) $A\subseteq 2^{<\omega}\cross 2^{<\omega}$ $A$ $G_{\delta}$
$G_{A}=\{(f,g)\in(2^{\omega})^{2} : (\exists^{\infty}n\in\omega)(\exists(\sigma, \tau)\in A)f|_{n}=\sigma\wedge g|_{n}=\tau\}$
fusion sequence
Deflnition 371. $A\subseteq(2^{<\omega})^{2}$ $\mathit{2}D$-fusion sequence ($\mathit{2}dimensional$ fusion sequenoe) in-
dexed by $I_{A}$. $A=\{\sigma_{u}\in(2^{<\omega})^{2} : u\in I_{A}\}$ $I_{A}\subseteq(2$‘ 2
$\bullet$ $u(0)\subset v(0)$ $u(1)\subset v(1)$ iff $\sigma_{u}(0)\subset\sigma_{v}(0)$ \sigma u(l)\subset \sigma v(y
$l\in 2$ $u(l)[perp] v(l)$ $\sigma_{u}(l)[perp]\sigma_{v}(l)$
$u(0)=v(0)$ \sigma u(0)=\sigma v(0)
2. $A\subseteq(2^{<\omega})^{2}$ 2D$\sqrt$ sion sequence the index set $I_{A}$ of $A$ $G_{I_{A}}=(2^{<\omega})^{2}$
$GI\text{ }\not\in cntble2$ $G_{A}\not\in cntble2$
Lemma 38 $\mathit{2}D$-fusion sequence $A$
$G_{A}\in \mathrm{S}*\dot{\mathrm{S}}$
“consistency”
Deflnition 39 $B\in \mathrm{S}*\dot{\mathrm{S}}$ $\mathit{2}D$-fusion sequence $A\subseteq(2^{<\omega})^{2}$ indexed by $I_{A}$
37
1. $A$ $B$ consistent $u\in I_{A}$ (
$B\cap([\sigma_{u}(0)]\cross[\sigma_{u}(1)])\not\in cntble2$ ,
2. $A|_{n}$ $B$ onsistent $|u|<n$ $u\in I_{A}$
$B\cap([\sigma_{u}(0)]\mathrm{x}[\sigma_{u}(1)])\not\in cntble2$ .
Lemma 310 $B\in \mathrm{S}*\dot{\mathrm{S}},$ $j$ function $\mathrm{S}*\dot{\mathrm{S}}$-name $B1\vdash$ “$\dot{C}\in\omega^{\omega}$ ”






Theorem 3.11 MAD $A$
(1) $A$ S*S-
(2) $\forall A\subseteq(2^{<\omega})^{2}$ such that $G_{A}\not\in cntble,$$\forall 2f$ : $Aarrow\omega,$ $\exists B\in A$ such that $G_{f^{-1\prime}’ B}\not\in cntble2$ .
(S) $\forall A\subseteq(2^{<\omega})^{2}$ such that $G_{A}\not\in cntble$ $2,$ $\forall f$ : $Aarrow\omega$ one-tO-One, $\exists B\in A$ such that
$G_{f^{-1\prime\prime}B}\not\in cntble$
$2$ .
(4) $\forall f$ : $(2^{<\omega})^{2}arrow\omega$ one-tO-One, $\exists B\in A$ such that $G_{f^{-1}’ B},\not\in cntble2$ .
single step S $\mathbb{R}$ cntble $\mathbb{R}^{2}$
cntble 2
proof (1) (2) \mbox{\boldmath $\varphi$} (2)
$A\subseteq(2^{<\omega})^{2}$ $G_{A}\not\in cntble2$ $\exists g$ : $Aarrow\omega$ function, $\forall B\in A,$ $G_{g^{-1}’ B},\in cntble$ $2$
$G_{A}\in \mathrm{S}*\dot{\mathrm{S}}$ $G_{A}\in \mathrm{G}$ generic fflter $\mathrm{G}$
38
\mbox{\boldmath $\varphi$} $A$ maximality Theorem
$3\ovalbox{\tt\small REJECT}$
$G_{A}\ovalbox{\tt\small REJECT}‘\sim,$ $arrow G\ovalbox{\tt\small REJECT}’$ $Barrow A$ $\mathrm{d}$ $G_{g}1’ {}^{\mathrm{t}}B$ generic
$\ovalbox{\tt\small REJECT}^{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}_{en}\ovalbox{\tt\small REJECT}(r0_{\rangle}r1)\mathrm{C}G_{A}$ generic $Darrow \mathcal{P}(\omega)$ generic
extension
$D=\{m\in\omega : (\exists n)g(r_{0}|_{n}, r_{1}|_{n})=m\}$
$B\in A$ almost disjoint
(2) (3) (2) (4)
(3) (1) \mbox{\boldmath $\varphi$} fusion argrunent ( $\mathbb{R}^{2}$ )
(3) $P\in \mathrm{S}*\dot{\mathrm{S}}$ $\mathrm{S}*\dot{\mathrm{S}}\frac{-}{}\mathrm{n}\mathrm{a}\mathrm{m}\mathrm{e}$ $\dot{X}$ $P1\vdash$ “$\dot{X}\in[\omega]^{\omega}$”
$P’\leq P$ $B\in A$
$P’1\vdash$ “ $|B\cap\dot{X}|=\aleph_{0}$”
$A$ MAD
$\mathbb{R}^{2}$ fusion argument lemna
Lemma 312 (Main lemma for $\mathrm{S}*\dot{\mathrm{S}}$) $P$ consistent $\mathit{2}D$-fusion sequence $A_{\text{ }}f$ : $Aarrow\omega$
one-tO-One
$(\forall\langle\sigma, \tau\rangle\in A)$ $G_{A}\cap([\sigma]\cross[\tau])1\vdash$
“$f(\sigma, \tau)\in\dot{X}$”
(3) $B\in A$ $G_{f^{-1}’ B},\not\in cntble$ ( $G_{f^{-1}’ B},\leq G_{A}\leq$
[T] $)$ $G_{f^{-1\prime}’ B}$ $\dot{X}$
$G_{f^{-1}’ B},1\vdash$
“ $|B\cap\dot{X}|=\aleph_{0}$”
(4) (3) cntble 2 homogeneous $\text{ }$
proof of lemma 312 $P\mathrm{I}\vdash$ “$\dot{X}\in[\omega]^{\omega}$” ion argument $\dot{c}$
fi ion s uence
P=( , $\dot{p}0$ ) $\geq 0(p_{1},\dot{p}_{1})\geq_{1}(p_{2},\dot{p}_{2})\geq_{2}\cdots$
$n$ $(p_{n},\dot{p}_{n})$ $(p_{n-1},\dot{p}_{n-1})$ $n$-th. splitting node $\{(\sigma_{1}^{n-1}., \tau_{1}^{n-1}.)$
$i<2^{n}\}$ $i<2^{n}$
$\bullet$ $\sigma_{1}^{n-1}.\in p_{n-1}$ , $\{\sigma_{\dot{\iota}}^{n} : i<2^{n}\}$ $p_{n}$ $n$-th. splitting node ,
$\bullet$
$(p_{n-1})_{\sigma^{n-1}}.\cdot \mathrm{I}\vdash$
“$\tau_{1}^{n-1}.\in\dot{p}_{n-1}$ ”, $(p_{n})_{\sigma^{n}}.\cdot|\vdash$ “$\tau_{i}^{n}$ $\dot{p}_{n}$ $n$-th. splitting node”,
$\bullet$ $((p_{n-1})_{\sigma_{i}^{n}}, (\dot{p}_{n-1})_{\tau^{n}}.\cdot)1\vdash$
“$m_{i}^{n}\in\dot{X}$”, $((p_{n-1})_{\sigma^{n}}\dot{.}, (\dot{p}_{n-1})_{\tau^{n}}.\cdot)$ $\dot{X}$ $n$ $m_{1}^{n}$.
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( $m^{n}$
$i<2^{n}\mathrm{g}$ function $f$ : $A$ ! $\omega$
$f((\sigma_{i}^{n},\tau_{i}^{n}))=m_{i}^{n}$
$\mathrm{T}$
\dagger $G_{A}=$ ${}_{n2\omega}P_{n}$ (fusion limit $[]\mathrm{h}G_{A}2\mathrm{S}^{2}$ ),
\dagger $\sigma 2A$ $(G_{A})\backslash ([\sigma(0)]\in[\sigma(1)])1\vdash$ “$f(\sigma)2\dot{X}$”
$P$ perfect $u2(2^{<\omega})^{2}$
\dagger $P$ consistent $2\mathrm{D}$-fusion sequence $A=\mathrm{f}1\pi_{u}(0)$ ,(7u(y $u2(2^{<\omega})^{2}\mathrm{g}$,
\dagger $f$ : $A$ ! $\omega$ one-txone
\dagger $[^{\mathrm{T}}{}_{n2\omega}P_{n}]=GA$ $\mathrm{r}P_{n}2\mathrm{S}/\dot{\mathrm{S}}$ : $n2\omega \mathrm{i}$
$\underline{\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{g}\mathrm{e}n<\omega}$
\dagger $P_{n_{\dot{|}}1}\cdot P$,
\dagger $\mathrm{f}1\sigma_{u}(0),$ $\sigma_{u}(1)\mathrm{i}:u2(2^{n_{\dot{|}}}1)^{2}\mathrm{g}$ ( $P_{n_{\dot{|}}1}$ consistent )
\dagger $u2(2^{n_{\mathrm{i}}}1)^{2}$ one-tO-One $f$ $f(\mathrm{f}\sigma_{u}(0), \sigma_{u}(1)\mathrm{i})=m_{u}$
$(2^{n\mathrm{I}}1)^{2}$ $2^{n\mathrm{l}}1$ enumeration $\mathrm{f}si$ : $i<2^{n_{\dot{|}}}$ $x$
$\mathrm{h}1u_{j}^{i}$ : $u_{j}^{i}(\mathrm{O})=s:j\wedge<2^{n|1}\mathrm{i}:i<2^{n_{\dot{|}}}1$ “ $\mathrm{j}\iota_{j}(0)\mathrm{i}=\mathrm{j}\iota j(1)\mathrm{i}=n\dot{\mathrm{I}}1\mathrm{i}$
index
\dagger $P_{n}\cdot P$
\dagger h $v(0),$ $\sigma_{v}(1)),$ $m_{v}\mathrm{i}:v2(2^{n})^{2}\mathrm{i}$





. $\langle\langle(\sigma_{v}(0), \sigma_{v}(1)), m_{v}\rangle : v\in A^{j}\rangle$ ( $P^{i-1}$ consistent $A^{i}=\{u\in$






$s_{0}$ , $s_{1}\in 2^{<\omega}$
1. $(\forall j<2^{n-1})\sigma_{u\mathrm{j}}(0)\subseteq s_{0}\cap s_{1}$ ,
2. $s_{0}[perp] s_{1}$ ,
3. $(\forall l\in 2)(\forall j<2^{n-1})P^{1-1}.\cap([s\iota]\cross[\sigma_{u\mathrm{j}}(1)]\not\in cntble2$ .
$\mathfrak{l}+3|\brevearrow$ $’\supset \text{ _{ }}$ $j<2^{n-1}$ l $P^{1-1}.\cap([s_{l}]\cross[\sigma_{u_{\dot{j}}}(1)])|\vdash$ “$\dot{X}\in[\omega]^{\omega}$




$\cap([s_{l}’]\cross[t_{k}^{l}])\mathrm{I}\vdash$ “$m_{k}^{l}\in\dot{X}$ $u\in A^{:}$ # $m_{k}^{l}>m_{u}$ ,
$\bullet m_{0}^{0}<m_{1}^{0}<m_{0}^{1}<m_{1}^{1}$ ,
$\bullet$ $(\forall u\in(2^{n-1})^{2})([\sigma_{u}(0)]\cross[\sigma_{u}(1)])\cap P^{:}\not\in cntble$ .
$\langle$
$\bullet\sigma_{u_{\dot{j}}(l,k\rangle}\wedge=\langle s_{l}’, t_{k}^{l}\rangle$ ,
$\bullet f(\sigma_{u_{\dot{j}}^{\wedge}(l,k\rangle})=m_{k}^{l}$ ,
step $2^{n-1}$ $P_{n}= \bigcap_{i<2}{}_{n-1}P^{:}$ $\langle$
stage $\omega A=\{\sigma_{u} : u\in\bigcup_{n\in\omega}(2^{n})^{2}\}$
1. $f$ : $Aarrow\omega$ one-tO-One,




(2) $\forall A\subseteq(2^{<\omega})^{n}$ such that $G_{A}\not\in cntble,$$\forall nf$ : $Aarrow\omega,$ $\exists B\in A$ such that $G_{f^{-1}’ B},\not\in cntblen$ .
(3) $\forall A\subseteq(2^{<\omega})^{n}$ such that $G_{A}\not\in cntblen,$ $\forall f$ : $Aarrow\omega$ one-tO-One, $\exists B\in A$ such that
$G_{f^{-1}’ B},\not\in cntble$
$n$ .
(4) $\forall f$ : $(2^{<\omega})^{n}arrow\omega$ one-tO-One, $\exists B\in A$ such that $Gf^{-1}$ ” $B\not\in cntble$ $n$ .
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4\mbox{\boldmath $\varphi$} $\mathrm{S}*\dot{\mathrm{S}}$- MAD
$\mathrm{c}$ \mbox{\boldmath $\varphi$} $\mathrm{s}*\dot{\mathrm{s}}$- MAD
Sacks (
$n$ $\mathrm{S}_{n}$- $\mathrm{S}_{n+1}$ - MAD )
Theorem 41 $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\mathrm{c}$ MAD $A=\{A_{\alpha} : \alpha<\mathrm{c}\}$
1. $A$ S-
2. $A$ S*S-
pw bijection $f$ : $2^{<\omega}\cross 2^{<\omega}arrow\omega$ $2^{<\omega}arrow\omega$ one-tO-One functions
enumeration $\{g_{\alpha} : \alpha<\mathrm{c}\}$ $\text{ }$
$\mathrm{c}$ MAD $\{A_{\alpha} : \alpha<\mathrm{c}\}$
$\alpha<\mathrm{c}$ $\mathrm{a}.\mathrm{d}$ . $\{A_{\beta} : \beta<\alpha\}$
$\gamma<\alpha$
1. $(\forall\beta<\gamma)G_{g_{\gamma}^{-1}’ A_{\beta}},\in cntble$ $G_{g_{\gamma}^{-1,}’ A_{\gamma,}}\not\in cntble\text{ }$
2. (a) $(\exists x\in 2^{\omega})Gf^{-1}$” $A_{\gamma}\subseteq\{x\}\cross 2^{\omega}$
(b) $(\forall x\in 2^{\omega})|(G_{f^{-1\prime}A_{\gamma}},)_{x}|\leq 1$
g lemma
Lemma 42 $A$
1. $(\forall\beta<\alpha)G_{g_{\alpha}^{-1}A_{\beta}}"\in cntble$ $G_{g_{\alpha}^{-1}’ A},\not\in cntbl\mathrm{e}$
2. (a) $(\exists x\in 2^{\omega})G_{f^{-1}’ A},\subseteq\{x\}\cross 2^{\omega}$
(b) $(\forall x\in 2^{\omega})|(G_{f^{-1}’ A},)_{x}|\leq 1$
1 $ 2 (a)(b) $G_{f^{-1\prime\prime}A_{\alpha}}\in cntble$ $2$
$\mathrm{S}*\dot{\mathrm{S}}$
$\{A_{\beta} : \beta<\alpha\}\cup\{A\}$ mlmost disjoint $\mathrm{t}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$
$2.9$
Lemma 43 $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\mathrm{c}$ $B\subseteq A$
1. $B$ $A_{\beta}$ almost disjoint
2. $G_{f^{-1\prime}’ B}$ perfect
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(2) $(\mathrm{a}),(2)(\mathrm{b})$ $\mathbb{R}\cross \mathbb{R}$ cover $\mathrm{c}$
$\mathfrak{c}$
proof of lemma 42 $A$ $\langle$
casel: $(\exists\beta<\alpha)G_{g_{\alpha}^{-1}’ A\rho}$, $\alpha<\mathrm{c}$
$(\exists x\in 2^{\omega})(\forall\beta<\alpha)|G_{f^{-1’\prime}A_{\beta}}\cap(\{x\}\cross 2^{\omega})|\leq 1$
$x\in 2^{\omega}$ perfect tree $T\subseteq 2^{<\omega}$. $[T]\subseteq\{x\}\cross 2^{\omega}$ ,
$\bullet(\forall\beta<\alpha)[T]\cap G_{f^{-1}’ A_{\beta}},=\emptyset$ .
$\mathrm{c}\mathrm{o}\mathrm{v}(cntble)2=\mathrm{c}$ $\{x\}\cross 2^{\omega}$ $\mathbb{R}$ cover $\mathrm{c}$
$\alpha<\mathrm{c}$ cardinal invariant tree $T$
$A=f$” $T$
case2: i.e. $(\forall\beta<\alpha)G_{g_{\overline{\alpha}^{1}}A_{\beta}},,\in cntble$ .
perfect tree $T\subseteq 2^{<\omega}$ $\beta<\alpha$ $[T]\cap G_{g_{\overline{\alpha}^{1}}A_{\beta}},,=\emptyset$
$B=g_{\alpha}$” $T$ $G_{f^{-1}’ B}$, 2 $A=B$
$\text{ }$
$f^{-1}\mathrm{o}$ g $T$ one-tO-One
$S=f^{-1}\mathrm{o}g_{\alpha}$” $T$
$A\subseteq T$ subtree $T^{*}\leq T$ $T$ fusion argument
1. $G_{A}=[T^{*}]\subseteq[T]$ perfect subset
2. $(\forall x\in 2^{\omega})|(G_{f^{-1}\text{ }g_{\alpha}’ A_{\alpha}},)_{x}|\leq 1$ .
$T_{1}$
$\underline{\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{c}\mathrm{a}\mathrm{s}\mathrm{e}\mathrm{l}-}\mathrm{x}$ incompatible $t$ unbounded i.e. $(\exists t5(\forall t’\in$
$T_{\overline{t}})(\exists t_{0,1}t\in T)$ such that
$\bullet$ t0\perp tl\wedge t0\cap tlt’
so $s_{1}$ incompatible (so, $s_{0}’$ ) $=f^{-1}\circ g_{\alpha}(t\mathrm{o})$ $(s_{1}, s_{1}’)=f^{-1}\mathrm{o}$
$g_{\alpha}(t_{1})$ .
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$ACT$ $T$ fusion argument
$\bullet$ $G_{A}$ perfect
$\bullet$ $(\forall x\in 2^{\omega})|(G_{f^{-1}\text{ }g_{\alpha}’ A},)_{x}|\leq 1$
step $\omega$ step $n$ $\{(s_{i}^{n}, s_{i}^{\prime n}):i<2^{n}\}$
$s_{i}^{n}$ $l\sim(s_{2i}^{n+1}, s_{2i}^{\prime n+1})$ $(s_{2i+1}^{n+1}, s_{2i+1}^{\prime n+1})$ $\mathrm{x}$ $s_{2i}^{n+1}$ $s_{2i+1}^{n+1}$
incompatible subcasel
unbounded $t$ step $x$
$G_{\delta}$ $(\forall x\in 2^{\omega})|(G_{f^{-1}\text{ }g_{\alpha’’}A})_{x}|\leq 1$
the 1st level $\overline{t}\in T$
$\bullet A_{0}=\{t1$ ,
$\bullet B_{0}=\{f^{-1}\circ g_{\alpha}(t)=\}$ .
the $n+1\mathrm{t}\mathrm{h}$ level $\langle A_{i} : i\leq n\rangle$ and $\langle B: : i\leq n\rangle$
$i\leq n$ .
$\bullet$ $A_{:}=\{t\mathrm{j} : j<2^{:}\}\subseteq T$ $T$ antichain
$\bullet$ $B_{:}=\{(s\mathrm{j}, s’\mathrm{j}):j<2^{:}\}$ $S$ antichain
$j<2^{:}$ $(s\mathrm{j}, s_{j}^{\dot{l}}’)=f^{-1}\circ g_{\alpha}(t\mathrm{j})$
$j<2^{n}$
$\bullet\{t_{1}^{n+1}. : i<2^{n+1}\}$ ,
$\bullet\{(s_{\dot{l}}^{n+1}, s_{i}^{\prime n+1}) : i<2^{n+1}\}$
fusion argument
1. $t_{1}^{n}$. $\subseteq t_{2}^{n+1}.\cap t_{2i+1}^{n+1}|$ $t_{2\dot{\iota}}^{n+1}[perp] t_{2i+1}^{n+1}$ ,
2. $s_{\dot{\iota}}^{n+1}\subseteq s_{2}^{n+1}.\cap s_{2i+1}^{n+1}|$ $s_{2}^{n+1}.[perp] s_{2i+1}^{n+1}|$ ,
3. $s_{\dot{\iota}}^{\prime n+1}\subseteq s_{2}^{\prime n+1}.\cap s_{2\dot{\iota}+1}^{\prime n+1}|$.
step $j<2^{n}$ subcase 1 $\mathrm{x}$ incompatible $t$ unbounded
$\mathrm{x}$ incompatible $t_{0}$ , $t_{1}\in T$
$\bullet\underline{t_{0}1t_{1}}$ $t_{0}\cap t_{1}\supseteq t_{j}^{n}$ ,
44
$\bullet\underline{s_{0}[perp] s_{1}}$ $(s_{0}, s_{0}’)=f^{-1}\text{ }g_{\alpha}(t_{0})$ $(s_{1}, s_{1}’)=f^{-1}\text{ }g_{\alpha}(t_{1})$ ,
$\bullet(\forall k<2^{j})s_{0}[perp] s_{k}^{n+1}$ $s_{1}[perp] s_{k}^{n+1}$ .
$\bullet t_{2j}^{n+1}=t_{0}$ $(s_{2i}^{n+1}, s_{2i}^{Jn+1})=(s_{0}, s_{0}’)$ ,
$\bullet t_{2j+1}^{n+1}=t_{1}$ $(s_{2\dot{\iota}+1}^{n+1}, s_{2i+1}^{\prime n+1})=(s_{1}, s_{1}’)$ .
$x$ $(s_{i}^{n+1}, s_{i}^{\prime n+1})$ $G_{\delta}$
$(\forall x\in 2^{\omega})|(G_{f^{-1}\text{ }g_{\alpha}’ A},)_{x}|\leq 1$
step $2^{n}$
$\bullet A_{n+1}=\{t_{2j}^{n+1}, t_{2j+1}^{n+1} : j<2^{n}\}$,
$\bullet B_{n+1}=\{(s_{2j}^{n+1}, s_{2j}^{\prime n+1}), (s_{2j+1}^{n+1}, s_{2j+1}^{\prime n+1}) : j<2^{n}\}$ ,
$\bullet T_{n+1}=\bigcup_{t\in A_{n+1}}T_{t}$ .
the $\omega$ level $\langle$
$\bullet A^{\infty}=\bigcup_{n\in\omega}A_{n}$ ,. $B^{\infty}= \bigcup_{n\in\omega}B_{n}$ ,
$\bullet T^{*}=\bigcap_{n\in\omega}T_{n}$ .
$\bullet$ $[T^{*}]=G_{A}\infty$ , $T^{*}$ fusion argument perfect troe $\text{ }$
$G_{A}$
$\bullet$ $B^{\infty}=f^{-1}\mathrm{o}g_{\alpha}$” $A^{\infty}$ and $G_{B}\infty$
$(\forall x\in 2^{\omega})|(G_{B\infty})_{x}|\leq 1$
$A=A^{\infty}$
$\underline{\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{c}\mathrm{a}\mathrm{s}\mathrm{e}2-}\mathrm{x}$ incompatible $t$ ’ bounded i.e. $(\forall t\in$
$A)(\exists\overline{t}\in T_{t})(\forall t_{0}, t_{1}\in T)$
$t01t1\wedge t_{0}\mathrm{n}t_{1}\supseteq\overline{t}$ –$s_{0}$ $\text{ }s_{1}\#\mathrm{h}$ compatible
$(s_{0}, s_{0}’)=f^{-1}\circ g_{\alpha}(t_{0})$ and $(s_{1}, s_{1}’)=f^{-1}\mathrm{o}g_{\alpha}(t_{1})$ .
subcasel inductive $\mathrm{y}$
$(\exists x\in 2^{\omega})G_{f^{-1}\text{ }g_{\alpha}’ A},\subseteq\{x\}\cross 2^{\omega}$ $A\subseteq T$
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Corollary 4.4 $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\mathrm{c}$ $n\in\omega$ MAD $A=\{A_{\alpha} : \alpha<\mathrm{c}\}$
1. $A$ Sn-
2. $A$ $\mathrm{S}_{n+1}$ -destructible
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